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Abstract: A discrete form of a nonlinear parabolic equation is considered. This equation is in fact a model for 
migrating populations, and contains a quadratic reaction term, and a diffusion term which can be either linear or 
nonlinear. Attention is focused on the case of nonlinear diffusion, and in particular period 2 solutions of the discrete 
version. Conditions for the existence and stability of two types of period 2 solutions are determined analytically. These 
analytical results, which are local in the neighbourhood of fixed points, are compared with the results of some 
numerical experiments, showing that one of these period 2 solutions is a considerably stronger attractor than the other. 
1. Introduction 
In mathematical biology, and particularly in population dynamics, reaction-diffusion models 
are often discrete in space and/or time; see [l] (time and space discrete), [2] and [3] (space 
discrete). Discrete models arise through the inability to measure populations at all points in 
space and time and also in Poincare maps for periodic problems. Also discrete models in space 
only can simulate myelinated nerve axons. Another feature of many of these problems is that the 
solution of the differential/difference equation is required over a long time interval calling for 
the use of large fixed time steps compatible with accuracy of the numerical calculations. 
In problems involving reaction only, a simple continuous model is the Riccati equation with 
discrete models in time including the Euler and Leap Frog time discretisations of the Riccati 
equation. Qualitative features of these discrete models include period doubling and chaos from 
Euler [4] and strange attractors from Leap Frog [5]. 
The main purpose of the present paper is to observe how the period doubling obtained by 
May [4] in the ordinary difference equation is carried over to the partial difference equation 
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when nonlinear diffusion is added. The relevant nonlinear parabolic equation [6] is 
)+u(l-u), N>,l (1) 
where u is the population dispersal. The relevant model (Euler in time) in the discrete case is 
q 
n+l 
=qn+y&[(q~,)N+1-2(C:")N+1+(q_l)N+1]+kU,"(1-O;") (2) 
where x =jh, t = nk ( j and n integers) and r = k/h*. Results for the discrete linear diffusion 
case (N = 0 in (1)) can be found in [7] and [8], where in the latter some analysis is given for fixed 
time step solutions as t + cc). Also for N = 0, and a more general reaction term, Stuart [9] has 
carried out a unified analysis aimed at comparing the continuous and discrete models. 
Returning to the nonlinear diffusion case (N = 1) considerable analysis has been carried out 
for travelling wave solutions of (1) of the form 
U(X, t) = u(.x - ct) 
where the wave speed c is constant. (See [lo-121). Little is known, however, about more general 
solutions of (1) when N = 1 and constant wave speed solutions are not assumed. However, 
numerical experiments have been carried out on (2) when N = 1 [13]. Period 1 solutions in time 
( P1) were obtained for values of (Y, k) in the range 0 -C r d i - ik, and period 2 solutions in 
time ( P2) in the range Y > : - $k, the latter being the linearised stability limit of the nonlinear 
difference equation. The period 1 solutions are approximations to solutions of the differential 
equation (1) convergence taking place when the grid sizes are reduced in an acceptable manner. 
We return now to the principal aim of the present paper which is to confirm by a local 
analysis in the neighbourhood of fixed points the existence of period 2 solutions in time in (2) 
when N = 1 and to show that they are stable. 
2. Period 2 solutions in space and time 
First we look for solutions of (2) that are period 2 in space and are given by 
15$~ = a, + (- l)‘+“b,. 
Such solutions are shown as follows: 
n j=O j=l j=2 j=3 __. 
0 a, + b, a, - b, a,+b, . . . . . . 
1 a1 - b, a, + b, a, - b, . . . . . . 
2 a2 + b, a2 -b, a,+b, . . . . . . 
3 . . . . . . . . . . . . . . . 
(3) 
(4) 
. . . . . . . . . . . . . . . . . . 
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Substitution of (3) into (2) gives 
a n+1- wY+nh+l 
=a,+(-l)‘+nbn+ ~[(an-(-l)it.b,,)N+1-2(a,+(-l)i’nbn)”+’ 
+(a,- (- l)i+nbn)N+l] 
[a,+ (-l)J+“b, +k[ an+ C-1) j+“b,] -k 
from which we obtain the systems 
a n+1= a,+k(a,-a:--b,f), 
b n+1= -(l+k-4r-2ka,)b,, 
and 
a n+1= a,+k(u,-a:-b,f), 
b n+1= -(l + k- 2(2r+ k)a,)b,,, 
for N = 0 and N = 1 respectively. 
The fixed points a and b (for b f 0) of (6) are given by 
2ka = 2 + k - 4r, 
2kb = f ( k2 - 4(1 - 2r)2)1’2 
and of (7) by 
2(k + 2r)a = 2 + k, 
2(k+2r)b= +{(k+2)(k-2+4r)}“2. 
2 
, 
0.3 - 
k-2+4r=O 
0.2 - 
0.1 - 
B A 
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k 
Fig. 1. Existence regions of (8) and (9). 
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Thus in the quarter plane for which k and r are positive, the fixed points (8) exist in the open 
region ABCD, and the fixed points (9) in the open region ABCE. (See Fig. 1.) 
It now follows that for values of r and k within the respective ranges of existence, the fixed 
points may be stable attractors of solutions of the form (3), and so for fixed Y and k, as t + cc, 
solutions of the form (4) will tend to the pattern 
j=O j=l 
a+b a-b 
a-b a+b 
a+b a-b 
. . . . . . 
j=2 j=3 . . . 
a+b . . . . . . 
a-b . . . . . . 
a+b . . . . . . 
. . . . . . . . . 
. . . . . . . . . . . . . . . . . . 
provided that the initial condition (a,,, b,) is within the domain of attraction of the fixed point. 
3. Stability 
In a paper dealing with linear diffusion [12], the stability of the fixed points of the system (6) 
to small perturbations was analysed by examining the eigenvalues of the product matrix 
J( V*)J( V’) where J is the relevant Jacobian and the period 2 solution of (2) with N = 0 may be 
written as 
U”= V1= [a+b, a-b ,..., a-b]=, n even, 
and 
U”= I’*= [a-b, a+b ,..., a+b]=, IZ odd, 
with a and b given by (8). In the nonlinear diffusion case (N = l), however, this is extremely 
cumbersome, and so we resort to a much simpler procedure where the linear stability of the fixed 
points given by (8) (N = 0) and (9) (N = 1) is determined by examining the eigenvalues of the 
Jacobians of the systems (6) (N = 0) and (7) (N = 1) at the respective fixed points. 
3.1. N = 0 
The Jacobian of (6) is given by 
J= 
1 + k - 2ka, -2kb,, 
2kb,, 1 -(l+k-2ka,-4r) ’ 
At the fixed points given by (8), this has the eigenvalues 
X=2rfX”* 
where 
X= 5(1 - 2r)* - k*. 
If X(0, 
1 h I* = 4r2 - X, 
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Fig. 2. Stability regions for N = 0. AAOB: Linearised stability. AABC: Stable period 2 in space and time (eigenvalues 
real). Region BCD: Stable period 2 in space and time (eigenvalues complex). Region AFD: Stable period 2 in time, 
period 1 in space. 
and so the stability condition ( h ( 2 < 1 gives 
fi(l - 2r) < k < {2(1 - 2r)(3 - 4’)}1’2. (13) 
Thus, in the case of complex eigenvalues, the stability region is bounded by a straight line and an 
arc of a hyperbola. Note that 
one for which r < i and one 
however. 
If x> 0, 
h = 2r * x1’2 
there are two such regions in the quarter plane k 2 0, Y 2 0, namely 
for which Y 2 +. Only the former is within the region of existence, 
and we require - 1 < X < + 1, from which it follows that 
X1j2 < 1 - 2r. 
For O<r< +, this gives 
2(1 - 2~) < k < 6(1 - 2~). 04) 
The region in the first quadrant of the (k, r)-plane where we have stable period 2 solutions in 
space and time is shown in Fig. 2, where k = 2, 6, and 6 at A, C and D respectively and r = 3 
at B. The results agree with those obtained in [12] but have been obtained by a simplified 
procedure, which we now apply to the nonlinear diffusion case. 
3.2. N = 1 
Here the Jacobian of (7) is 
1 + k - 
J= 
2ka, - 2kb, 
2(k+ 2r)b, 1 -(l+k-2ka,-4ra,) ’ 
(15) 
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At the fixed points given by (9), the eigenvalues of J are 
A= &r(2+k) * Y1’2] 
with 
Y= -k[(7k+16)r2+2(3k2+5k-4)r+k(k2-5)]. 
If Y<O, 
P12= j& [ k3 + 4rk2 + 5(2r - l)k + 2~1, 
and so the stability condition 1 A 1 2 < 1, leads to 
R < r < (6 - k2)/{2(2k + 5)) 
where 
1 
R= 7k+16 
[(-3k2-5k+4)+(k+2){2(k+l)(k+2)}‘/2]. 
If Y 2 0, from (16), - 1 G X < 1 leads to 
Y1’2 < (1 - r)k. 
For 0 < r G 1, using the value of Y from (16), we get 
(2r + k)( r + +k - :) a 0, 
giving the stability condition 
i--:k<r<R 
where R is given in (17). 
0.2 - 
1 1.5 2 2.5 
k 
06) 
(17) 
(18) 
Fig. 3. Stability regions for N = 1. AAOB: Linearised stability. Region ABC: Stable period 2 in space and time 
(eigenvalues real). Region CBED: Stable period 2 in space and time (eigenvalues complex). Region AFD: Stable 
period 2 in time, period 1 in space. 
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This time the region in the (k, r)-plane where we have stable period 2 solutions in space and 
time is shown in Fig. 3, where A, B, C and D are as in Fig. 2, but the extra point E, due to the 
increased size of the region, is at Y = f . 
4. Solutions period 1 in space, period 2 in time 
These can be obtained from (3) by putting 
a,=a+(+p, b,=O. (19) 
Substitution of (3) into (2) leads to systems (6) and (7) for N = 0 and N = 1 respectively, but (19) 
is not a fixed point of these systems. The values of (Y and p in (19) are obtained by substituting 
(19) into (6) and (7) in turn leading to 
(Y = (k + 2)/2k, ,8 = + ( k2 - 4)“2/2k, (20) 
both for N = 0 and N = 1. 
Introduce 
v,=a+(-l)np, (21) 
and for N = 1, the Jacobian of the system (7) at a,, = V,, b,, = 0 is 
JPGV,) =
l+k-2kVn 
0 -{(l+k-:(k+2r)T$) I 
(22) 
In order to obtain a Jacobian corresponding to a system for which a, = V,, b,, = 0 is a fixed 
point, we require to consider 
J=J(K+,)J(K’,). (23) 
The eigenvalues of J are 
and 
h, = (1-t k - 2kV,+l)(l + k - 2kK) (24) 
A, = [l + k - 2(k + 2r)I$,+r] [l + k - 2(k + 2r)V,]. 
Using (20) and (21), these simplify to give 
X, = 5 - k2 
and 
(25) 
(26) 
A,= -$[16(k+ 2)r2+4k(k+ 2)(3 - k)r+ k2(5 - k2)]. 
In order that a solution of the form (21) be stable, we require 
-l<h,< +l, i=l,2. 
Using (26) and after some manipulations we obtain the result 
2[(1 + 2r) + (1 + 4r)1’2] < k2 < 6, 
(27) 
(28) 
with the left-hand inequality being equivalent to 
r< $k(k- 2). (29 
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For N = 0, carrying out a similar procedure starting with the Jacobian 
l+k-2kVs 0 
Jo9 = 0 1 -(l+k-2kG-44r) ’ 
we obtain the eigenvalues 
A, = 5 - k2, 
and 
A, = 16r2 + 8r + (5 - k2). 
Inserting these values into the stability condition (28) leads to the result 
3 + (1 + 4r2) < k2 < 6. (30) 
The regions in the (k, r)-plane where stable solutions, period 2 in time and period 1 in space, 
exist are shown in Figs. 2 and 3, respectively. 
5. Numerical results for N = 1 
We now set up numerical experiments based on (2) with N = 1 for values of r and k in the 
range r > 5 - ik. We choose the pure initial-value problem, where the initial condition is a spike 
of less than unit height at the origin, given by 
(31) 
The symmetry of the solution about x = 0 and the finite time duration of a numerical experiment 
allows us to introduce the boundary conditions 
au/ax = 0 at x = 0 
1 
t>O 
u=o atx=L 
(32) 
where L is sufficiently large not to influence the travelling waves which emerge from the spike. 
t=-r 
Fig. 4. Numerical solution of (2), using (31) and (32), and with N = 1. 
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Fig. 5. Periodicity in time observed in numerical experiments. 
We are looking for values of r and k for which the spike after early time growth, levels out and 
splits into two travelling waves. A typical picture of a wave at time T, period 2 in time, but not 
necessarily periodic in space, is shown in Fig. 4. The range of x for which these period 2 wave 
solutions are present increases with T increasing. 
The result of the numerical experiments is shown in Fig. 5. For all the values of Y and k in the 
region P2, the travelling wave solution is period 2 in time. The “periodicity” in space is much 
more difficult to determine. Certainly for several values of k the periodicity in space is 2 for 
considerable intervals of the time. The most remarkable feature of the numerical results is the 
close agreement between the curve DE in Fig. 3 and the upper boundary of the P2 region in 
Fig. 5. The only obvious discrepancy is the kink in the upper boundary of the Pz region for small 
values of Y. There is little doubt that this is caused by the presence of stable period 2 in time, 1 in 
space solutions in region AFD in Fig. 3. 
The principal conclusion to be drawn from the comparison of the analytical and numerical 
results is that the period 2 solution in space and time is a strong attractor, considerably stronger 
than the solution period 2 in space and 1 in time. This result for nonlinear diffusion (N = 1) is 
similar to that obtained in [7] for linear diffusion (N = 0). The (k, r)-region in which stable 
solutions for period 2 in space and time exist, however, is much larger in the nonlinear diffusion 
case, particularly in the vicinity of small k values. 
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